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Abstract
Using the hyperbolic rotation matrix of spacetime, it is first shown that forces normal to the
direction of velocity are not impacted by special relativity. It is then reasoned that the quantum
mechanical number operator is not applicable to problems involving transverse forces because
quantum mechanics is constructed on a framework of special reltaivity.
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I.

EM TRANSFORM WORK

One way to think about the answer is using special relativity. In short, the particle itself
sees the magnetic field in, (say the z direction), in our stationary frame transformed into
an electric field in the -y direction in its moving frame. This electric field has the correct
magnitude to create a force on the charge equal to the Lorentz force from the magnetic field
in our frame. Just as time and space are actually each part of space-time and transform
between each other as the velocity between the moving and laboratory frames change, the
electric and magnetic fields are part of the electromagnetic field and transform in a similar
manner.
For a frame, S 0 , moving with our charged particle along the x axis with respect to electric,
E, and magnetic H fields in the laboratory frame, Karapetoff[1][2] gives the following Lorentz
transform for the E 0 and H 0 fields.
Ey0 = Ey cosh (u) − Hz sinh (u),
Hy0 = Ey cosh (u) − Hz sinh (u),
Ez0 = Ez cosh (u) − Hy sinh (u), and
Hz0 = Hz cosh (u) − Ey sinh (u),
where u is the rapidity of the frame that moves with the particle. As a matter of reference,
u can be expressed as
v/c = tanh (u),
where v is the speed of the particle in the laboratory frame, but we won’t make use of
this.
There are a few interesting things to note here. First, the E and H fields transform via a
rotation matrix in a hyperbolic space. Second, there’s an interesting contrast to the Lorentz
transform for space-time. Whereas in space-time only lengths parallel to the direction of
motion are changed, when the electromagnetic field is Lorentz transformed, only quantities
perpendicular to the direction of motion are changed.
Getting back to the original question, ”Why does the magnetic force act at right angles
to the magnetic field”, let’s look at what the moving particle sees in its own frame, S’. Due
to the Lorentz transform shown above, in the S 0 frame, there is now an electric field in the
y direction.
Ey0 = Ey cosh (u) − Hz sinh (u),
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but Ey in the laboratory frame is zero so
Ey0 = −Hz sinh (u)
There is still an H field in the z direction equal to Hz cosh (u). This threw me for a bit,
because I was worried about the Lorentz force due to this field. There is however no need
for concern. Since we’re in the frame of the moving charged particle, its relative velocity is
zero. Consequently the magnetic field produces no force in this frame.
Now we’ll use the formula
sinh (u) = √

v
1−v 2 /c2

= vγ

to get,
Ey0 = −Hz vγ
We’re interested in the force on the particle, F = qEy0 , so we write down
Ey0 q = −qHz vγ
This is starting to look pretty good. The E field producing a force on the moving charged
particle is proportional to the magnetic field times the velocity of the particle. There’s still
one problem. We have a γ in the expression which doesn’t show up in the Lorentz force
law. Force can also be expressed as F = ma. Since we’re working in special relativity,
however, we need to express the (transverse in this case) force using relativistic mass so we
get F = γma. This finally gives us
F = γma = −qHz vγ
The γ’s cancel out to give the correct answer for the magnitude of the force:
F = −qHz v. In this case, however, the force was created by an electric field in the same
direction.
There’s one last interesting thing to note here, at least for my purposes. The force acting
in a direction perpendicular to the motion of the charged particle doesn’t need to be adjusted
for special relativity. There are no factors of v/c in the final, exact, (as opposed to a low
speed approximation), answer.
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